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1 Introduction 

Agmon's fundamental work Agm establishes the bound, known as the limiting absorption principle. 



< oo 



<■ (1) sup + + 'iL^.^md^^L^.-. 

A>Ao,£>0 ^ ' 

: provided that Aq > 0, (1 + |x|)i+|y(a;)| G L°° and a > ^. Here 

L2'-(M'^) = {(1 + / : / G L\R^)} 

I is the usual weighted L^. The bound is obtained from the same estimate for V = hy means 
' of the resolvent identity. This bound for the free resolvent is related to the so called trace lemma, 
which refers to the statement that for every / G L'^'2+ there is a restriction of / to any (compact) 
I hypersurface, and this restriction belongs to relative to surface measure. Note that this fact does 
not require any curvature properties of the hypersurface - in fact, it is proved by reduction to flat 
■ surfaces. Another fundamental restriction theorem is the Stein- Tomas theorem, see |Stej . It requires 
I the hypersurfaces S CW^ with d > 2 to have non vanishing Gaussian curvature, and states that 

g : (2) Jjf{u;)\'aidu;) < C\\f\\l^^,^ where P = 

It is not hard to see that the related estimate for the free resolvent in M'^ is given by 

X ; (3) ||i?o(A^ + iO)||4^4 = for A > 0. 

c5' 



This fact depends on the oscillation in the resolvent, i.e., on the exponential in 

i\\x-y\ 

(4) i?o(A2 + io)(x,y) = — -. 

4:7r\x — y\ 

In contrast, using the denominator alone one obtains that 

(5) sup||i?o(A^ + iO)||6^g < C 

A ^ 

via fractional integration. In analogy with Agmon's work, it is natural to ask for which potentials © 
can be extended to the perturbed operators H = — A + V . In this paper we show that this is the 
case for real- valued V G LP(M^) n La (M^),^ > |, and suggest two possible extensions. 
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Theorem 1. Let V G LP(M^) n L^{R-^),p > | 6e real-valued. Then for every Aq > 0, one has 



(6) sup {-A + V-{X^ + ie))-^ ^ <C{Xo,V)X-^. 

0<e<l, A>Ao 



3 ^ 



In particular, the spectrum of — A + V is purely absolutely continuous on (0, oo). 

We also formulate dynamical consequences of this result, in particular the existence and com- 
pleteness of the wave operators. This theorem is the analogue of the classical Kato-Agmon-Kuroda 
theorem, see [ReeSimj . Theorem XIII. 33. It of course requires the absence of imbedded eigenvalues. 
In the classical context one uses Kato's theorem for that purpose. Here we wish to use a result on the 
absence of imbedded eigenvalues that only requires an integrability condition on V. One such result 
was obtained by lonescu and Jersion |Ion,Terj . namely: 

Theorem 2. Let V G Li(]R3). Suppose u £ W^^^{R^) satisfies (-A + V)u = X^u where X ^ in the 
sense of distributions. If, moreover, ||(1 + |x|)''~2u||2 < oo for some 6 > 0, then u = 0. 

The weighted L'^-condition with 5 > is natural in view of the Fourier transform of the surface 
measure of S"^, which is a generalized eigenfunction of the free case and decays like (1 + As far 

3 /2 

as local regularity of the potential is concerned, the requirement that V £ L^^^ is essentially optimal. 
There exist examples of y G -^weak which —A + V admits compactly supported eigenfunctions 
|KoTaj . The necessary decay condition on V is less clearly delineated: lonescu and Jerison found a 
smooth real-valued potential V which lies in L'^{W^) for all g > 2 but such that for —A + V imbedded 
eigenvalues exist. Their example decays like r~^ in some directions, and like in other directions. 
They further conjectured that their main result (Theorem 2.1 in |IonJerj ) remains valid for potentials 
V G L-^(M^). Recent work by Koch and Tataru appears to verify this conjecture |KoTa2j . and futher 
refinements which allow potentials to exhibit both L^^^ singularities and L^ decay seem possible 
as well. The proof of any such conjecture would immediately increase the scope of Theorem ^ as 
described below. 

Proposition 3. The following inferences are valid: 

1. If the conclusion of Theorem\^ holds for all V G LP{M.^), | < p < 2, as is suggested by \Ko Ta,^ . 
then the conclusion of Theorem^ also holds for all V G L^^E?). 

2. More generally, if the conclusion of Theorem\^ holds for some 
then the conclusion of Theorem^ also holds for this V . 



By Kato's theory of /f-smoothing operators, see |Katj . it is well-known that the limiting absorption 
principle for the resolvent gives rise to estimates for the evolution e**^ known as smoothing estimates. 
This is a much studied class of bounds, see Sjo , Veg , |(]onSaul] . |('onSau2j . [BenKlaj . |Doij . |Simj . 



In fact, the Fourier transform establishes a link between the resolvent and the evolution that in a 
precise sense allows one to state that a certain class of estimates on the evolution is equivalent to 
corresponding ones for the resolvent, see |Kat j . In the free case, the | — > 4 bound for the resolvent 
corresponds to the following smoothing bound for the free evolution: 



/OD 
F(-A)ie**^/ 



ldt<C\\f\\l 
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However, this bound is known, see the work of Ruiz and Vega |RuiVeg| . For the perturbed evolution, 
H = — A + y, one can prove similar estimates by means of Theorem^ but we do not pursue this 
here. See the work of lonescu and the second author [lonSchj for statements of this type. 

This paper is organized as follows: In Section [21 we prove the bounds on the free resolvent that are 
needed in order to prove Theorem ^ Our main new bounds involve Rq{}? + iO) acting on functions 
whose Fourier transform vanish on AS"^ . In Section |21 we apply these bounds in the context of the 
usual resolvent identity /Fredholm alternative type arguments to deal with —A + V . This of course 
requires Theorem |2I Finally, in Section 0] we return to the free resolvent and prove some end point 
results. 



2 The free resolvent 

This section develops some estimates on the free resolvent given by Q) . These estimates are motivated 
on the one hand by the Stein- Tomas theorem and on the other hand, by the applications to the 
perturbed operator H = — A + V, see Theorem|2| For what follows, it will be helpful to keep in mind 
that for real A, 

[Ro{X^ + iO) - iio(A' - mf = C{\) ■ * /), 

which is exactly of the form T*T, T being the restriction operator to the sphere XS"^. Thus T*T : 
Li(]R3) ^ L^(m3) in view of ©. 

We will denote by H the closed upper half-plane in C, and state most of our results for A G H. 
For any positive real number A, we have the boundary identites 

(A + iQf = A^ + iO and (-A + iQf = A^ - iO, 

therefore estimates which hold uniformly out to dM. are of particular importance. 

y nonzero element, and p = ^ 

1 

operator norm bounded by \X\ 



Lemma 4. Let A G EI 6e any nonzero element, and p = Then Rq{X ) : L^{W ) L^ (]^ ), with 

1 

' 2 . 



As suggested above, the proof follows a complex-interpolation argument strongly reminiscent of 
the proof of 0. For full details see Theorem 2.3 in [KenRuiSog , which establishes this bound for a 
more general family of inverses of second-order differential operators. 



Lemma 5. Let X gM. be any nonzero element. For each pair of exponents l<p<^,3p<q<w:^ 



there exist constants Cp^g < oo such that 



3-2p 



\Ro{X')f\\L'> < Cp,,|A|3/p-3/'?-2 



LP 



For each exponent | < p < | , 1^ Q 1^ there exist constants Cp^g < 00 such that 

\\Ro{X')f\\Lr"<Cp,g\Xf/P--'/'^-^fhp 

Proof. The case p = |,g = 4 is Lemma 0] above. Since i?o(A^) is realized as a convolution with 
a kernel satisfying < |47rx|~^, the cases q = 3;^,! < p < | are precisely the Hardy- 

Littlewood-Sobolev inequality. Note that the scaling exponent for A is zero for these pairs {p,q). 
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All intermediate cases {p,q) then follow by interpolation. At the endpoint p = l,q = 3, we see that 
ii^(A^) maps L^(M^) to weak-L^(M'^) uniformly in A, by considering the norm 



weak 



sup 3 

\A\<oo 



\f{x)\dx 



which is equivalent to the usual weak-L'^ "norm" and satisfies a triangle inequality, see Lieb, Loss [LieLosj 
Section 4.3 The cases q = 3p, 1 < p < | follow by Marcinkiewicz interpolation, and q = 3^^, 



I < p < I by duality. 



□ 



The following results deal with functions whose Fourier transform vanishes on S'^. The first lemma 
yields a Holder bound for the norms of the restrictions to spheres close to S'^ . 

Lemma 6. Let 1 < p < | and set 7 = | — |- Then for all \6\ < ^ one has 

(7) ll/((l+'^)-)llL^(5^)<l'^ril/llL.(R3) 

for all f £ LP{R^) with f = on S^. 

Proof. Let (7(^^5)52 be the normalized measure on (1 + 6)S'^. Then one has 

ll/((l + '^)-)lli2(S2) = (/* ^(1+5)52, /) = (/* -5^] >/> 

00 

j=0 

where Kj{x) = ^i7'(J^^^s)s'^ ~ 3^)xj {Xj}j>o are a standard dyadic partition of unity. Since 
lk(i+5)S'2 - 3^ 1 1 00 < it follows that 



|i^il|oo< 



6 if 2J < 5-^ 
2-^ if 2J > 



Thus lli^'jlloo < min((5, 2" 



Oj. Moreover, 



l^^illoo = ||(o-(i+5)s2 - 0-52) * XilL 

XjiC - (1 + S)r]) - XjiC - ri) 0-5.2 [dr]) 
< min(22^,5, 2^) :=/?,•. 

If 1< p < |, let i = f + so that > i. Then \\Kj * f\\p> < apj'^\\f\\p for all j > 0. Summing 
over j yields the desired bound. In the case p = I, the estimate ||o"(i_|_5)52 — S^Hoo ^ <J mentioned 
above suffices to show that ||/((1 + 5)-)\\l2^^s2^ < J2. 

□ 
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The point of the following proposition is that one can take 5 > in Q. In the following section, 
this will allow us to apply Theorem |21 

Proposition 7. Let 1 < p < ^. Then for any ^ < ^ — y one has 



(8) 



sup 

£>0 



il + \x\y-2Ro{l±ie)f 



< 



for any f G LP{R^) so that f = on S"^. 
Proof. We first consider the case where 



(9) 



supp(/) C G 



< lei < 2}. 



Let X be a smooth, radial, bump function around zero so that x is compactly supported. Let 1. 
Then 



\\x{-)Ro{l + ie)f\\l 
(10) 

where we have set 



xm-r])y 



fiv) 



r]]^ — 1 — ie 



dil / x{R{i-fl))T^ 



— 1 + ie 



dfj 



R^ / p{Riv-v)) 



fiv) 



— 1 — ie \fi\^ — 1 + ie 



■ drj dfj, 



I x{R{i-v))x{R{i-fi))di = R-' [ x{C-Rri)m-Rfi)dC 

xic - R{ii - f,))m dc 



R- 



R~^p{R{il-f,)). 



Note that p is a compactly supported smooth bump-function. Introducing polar coordinates in (|in)l 
yields uniformly in e 7^ (recall ©) 



= R' 

< R' 

< R' 

< R^ 



\ri\+R- 



duf'^ df dr] 



\rj\-R-^ JIS^:\Cj-^\<R-^ 



1/(^)1 \f{rO)\ 
|r?| — 1| If — 1| 



duj df drj 



1 



dr 



\r - 11 



[S2:|^-^|<iJ-l] 



|/(fcD)|2di; 



df 



f — 1 



drj 



52 



\f{ru:)\ 



[S'^:\G)-uj\<R-^] 



|/(rcD)pdcD 
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and therefore also 

Jo F - 1| Jr-iJ-i r - 1| \JS^ J \Js'^ J[S2:\Cd-uj\<R-^ J 

^ ^ / ^ / ATM-rV\l-r?\\f\\l 
7i |r - 1| Jr-R-^ |r - 1| ^ 

< R'-'^\\f\\l = R7\\f\\l, 

where the last two lines use 0. The lemma now follows by summing over dyadic R, at least pro- 
vided © holds. Finally, if 

supp(/) C G . < 1 > 2}, 

then one notes that 

sup ||i?o(l±^£)/||2< 11(1 -A)-V||2<||/||p 

by the Sobolev imbedding theorem provided 1 < p < 2 and we are done. □ 

In Section^ we discuss further bounds on the free resolvent which are motivated by the previous 
proposition. 



3 The perturbed resolvent 



The goal of this section is to prove theorem ^ As in |Agm , the proof of Theorem Q is based on the 



resolvent identity. This requires inverting the operator / + Rq{)? =b iQ)V on L^(M^). First, we check 
that this is a compact perturbation of the identity. 

Lemma 8. Let V G ^{W^), | < p < 2. Then for any nonzero A G H, the map A{\) := Rq(X'^)V is 
a compact operator on L'^' 



Proof. Firstly, note that in view of Lemma [3 and because of y G L^, ^(A) is bounded L^. 
Secondly, observe that we may assume that V G L°° with compact support. Indeed, replace V with 
= ^X[|y|<n]X[|2:|<n]- Then \\V — Vn\\p — >■ as n — > oo implies that ||^(A) — ^„||4^4 ^ as n ^ oo. 
If we can show that An := Ro{\'^)Vn are compact as operators for each n, it therefore follows 

that A{X) is also compact. So assume that V is bounded, and supported in the ball {|x| < R}. Fix 
A and write A = ^(A). We first claim that A : L'^ ^ W"^'^. This follows from 

(11) (-A + l)A = (- A - \^)A + (A2 + i)A = V + + \^)A 

is bounded from to L^. Meanwhile, for |x| > 2R there is the uniform pointwise bound 

-1 



1^/(^)1 <ll^/l|lkr'<^*ll^lloo||/||4|x| 

Given e > 0, we may choose Rq ~ i?^||y||^e~^ so that IIXdaj^Rol^/ll^ ^ ^ ^"-"^ WfWi ^ 1- 
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Let {fj}^^^ C L^(R'^) satisfy fj ^ in L^. Since sup^ || A/,- ||i4/2,4(]k3) < oo, Rellich's compactness 
theorem produces a subsequence so that Afj^^ ^ in < Rq). Thus 

limsupp/j,||4 < {l + Cx)e. 

k~*oo 

Sending e ^ and passing to the diagonal subsequence finishes the proof. □ 

The following lemma establishes invertibility everywhere except on the imaginary axis. 

Lemma 9. Let V E LP{Mj^) n L2(M.^), | < p < 2 and assume that V is real-valued. Then for any 
nonzero A e M, the inverse (I + Ro{X'^)V)-^ : L'^{R^) L'^iR^) exists. 

Proof. By the previous lemma it suffices to show that 

/eL^(R3), f + Ro{X^)Vf = 0^ f = 0. 

Let / be as on the left-hand side and set g = Vf. Then g ^ U , where r = < |. By Lemma 
/ = -RQ[\^)g therefore belongs to n L^, where \-\ = > 0. 

This bootstrapping procedure can be repeated until it is shown that f £ U' H L^. In fact, one 
can continue to the point where / G L°°, since is a bounded operator. 

What is important here is that / and g exist in spaces dual to each other. 

Since V is real-valued, the duality pairing 

{f,9) = {f,Vf) = -{RoiX^)g,g) 
shows that {Ro{\'^ it iO)g,g) is real-valued. If M, then the condition 

Q{RoiX')g,9)= [ J}f^l ^,,,j m'd^ = 

Jr3 (I^P - 3?(A2)) + 9(A2)2 

requires that ^ = almost everywhere. 

On the boundary A G M, by the Stein- Tomas theorem 

9(i?o((A + iOf)g, g) = lim 9(i?o((A + ief)g, g) = cX [ \g{Xuj)\^ a{duj) 

with some constant c ^ 0. Hence, ^ = on \X\S'^ in the sense. Since g S L''(]R^), one concludes 
from Proposition [7| above that (1 + \x\)^~2 Rq(^X'^ ± iO)g £ L'^{R^) for some 6 > 0. Hence also 
(1 + \x\Y~2f e L2(m3) for gome 6 > 0. Since (-A + V - X^)f = in the distributional sense, and 
one checks easily from ((TT} (remembering that / G n L^) that also / G W^^^{R^) C W^^f (M^), 
Theorem 121 implies that / = 0, as claimed. □ 

The following two lemmas show that the inverses in the previous lemma have uniformly bounded 
norms. 

Lemma 10. Let V G L^(M'^), | < p < 2. The map X ^ Ro{X'^)V is continuous from the domain 
HI \ {0} C C to the space of bounded operators on L^(M^). 
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Proof. First suppose V is bounded and has compact support in the ball {|x| < R}. The convolution 
kernel associated to i?o(A^) — i?o(C^) has the bounds 

lA-ci, i/ix|<|A-cr' 
\x\-\ i/|x|>|A-cr' 

Then for any pair A, £ EI, |A — C| < we have 

iA-cir/iii, i/ix|<|A-cr' 




\{Ro{X')-Ro{C))Vf{x)\ 



\x\ 



'WVfWu i/|x|>|A-Cr' 



Thus ||(i?o(A2) - Ro{C?)Vf\U < |A - C\'/'Rl/^V\Uu 1,4. 

Approximate V by compactly supported V G L°° so that HV' — l^||p < £• By the above calculation, 
Lemma El and the simple identity 

(i?o(A2) - R^iCf W = Ro{>?){V -V) + {Ro{>?) - RoiC^W - RoiC^W - V), 

we see that limsup^^;, \\{Ro{>^'^) - iio(C)^)V^I|4^4 < |A|(3-2p)/%. □ 

Lemma 11. Let V be as in the previous lemma and suppose Aq > 0. Then 



(12) sup {I + Ro{X^)V)-^ 

m\)\>xo 



< 00. 

4-»4 



Proof. In view of Lemma|Sl there is some finite Ai G M so that ||i2o(A^)T^||4^4 < ^ provided |A| > Ai. 
It therefore suffices to prove (|T2|) on the compact set {A G C : Ao < |A| < Ai,|3?(A)| > Ao}. The 
previous two lemmas, however, show that (/ + Ro(X'^)V)^^ is a continuous function of A on this set, 
hence it is uniformly bounded from above. □ 

It is now a simple matter to prove Theorem ^ 

Proof of Theorem^ By the resolvent identity, for any e 7^ 0, 

Rv{>? + ie) = RoiX^ + ie) - i?o(A^ + ie)VRviX'^ + ie). 

By Lemma fTTI one therefore has 

RviX^ + ie) = (I + i?o(A2 + ie)V)-^Ro{X^ + ie) 

and the right-hand side is uniformly bounded for A > Aq > as well as < e < 1 in the operator 
norm. In fact, the last factor contributes a decaying factor of A~2 as operator norm in view of 
Lemma 01 □ 

Proof of Proposition\^ There is only one point in the argument where the condition V S L2(M^) is 
used, namely the step in Lemma (HI where we wish to make use of Theorem |21 It otherwise suffices to 
assume that V £ UiR^), | < p < 2. 



For the second claim, one observes the following consequence of Lemma [SI IfyeL^, |<p<2, 
and r > 4, then Ro{X^ ± W)V : n n L^ where ^ = max(i + ^ - |, 0). The same is true 

for any V € L'^ ,p < q < 2. This allows the bootstrapping procedure on / to continue normally, and 

4 

furthermore g = Vf is still an element of L3~^, as desired. Therefore, the only matter of concern is 
whether the conclusion of Theorem j^l will hold for such a potential V. □ 
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4 Further estimates on the free resolvent 

Returning to Proposition [3 we note that a sharper estimate can be made at the endpoint p = 1. 
Proposition 12. Let f be a function in L^(W^) such that f = on the unit sphere S"^. Then 

(13) snp\\Ro{l±ie)f\\^<^ 

£>o ^ VStt 



Proof. Define the trace function 



(14) G(A) = A-2||/|^^,||2 = 4^ M /(x) "";;-'- ^" f(y)dxdy 

^ ' a\x — y\ 



sin(A|x - y\) 



By inspection, 



(15) G(A) = 27r / // ipli:yl^^^_^^(r)e'>^- drdxdy 

J J jRxR^' \x — y\ 

where X\x-y\ denotes the characteristic function of the interval {|t| < |x — y\}. The integrand on the 
right-hand side is in L^(M7), so Fubini's Theorem implies that G is the inverse Fourier transform of 
an function. 

Using the Plancherel identity (in 3 dimensions), and noting that G is an even function, 

1 i-co \2 

(16) \\Ro{l±ie)f\\l = ——:. G{X)- 



2(27r)3 7_^ ^ ^|A2-(i + ie)|2 

For any e > 0, the multiplier Me(A) = |^;s_^'^_^^^.^p is integrable, hence it has Fourier transform 
S L^{dT). By Parseval's formula, this time in one dimension, 

(17) ||i?o(l ± ie)f\\l = ^ G{T)Me{-T) dr 

An explicit formula for Ms{t) can be obtained via residue integrals: 

(18) Ms{r) = —{VlTi^e'\^\^^ + Vl^e-'\^\^^) 
This, along with (fT5|) . can be immediately substituted back into equation (|T7jl . 

\\Ro{l±ie)f\\l = — If Z"'""^' fi^)hy) (TTTTie^-vTO + ^T^e-^"^^) drdxdy 
SireJJ^eJo \x-y\ 



1 



fpfiyl(^^i\x-y\Vi+re _ e-'\-y\^^)dxdy 



Sirie J J^6 \x — y 

Boundedness of enables us to continue applying Fubini's theorem to the multiple integral. We 
have also simplified the expression by noting that Af^ is an even function. Recall definition (|14j) and 
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subtract j^^G{l) from both sides of the equation. 

1 



(19) 



\Ro{l±ie)f\\i 
1 



levr^e 



G(l) 



Svrie 
1 

Svrie 



|x - y\ 

f{x)f{y) 
k - 2/1 



K{\x — y\) dx dy 



where \K{\x — y\)\ < £\x — y\. This leads to the conclusion 

Il|fl0(l±fe)/ll2 



If / satisfies the hypothesis /I52 = 0, then G{1) = 0. 

Corollary 13. Let f he a function in L'^i^^) such that f = on the unit sphere S'^ . Then 



□ 



(20) 



\Roil±iO)f\\2 < 



Proof. This follows immediately from and monotone convergence. 



□ 

real-valued 



The condition / = is crucial in Proposition [7| Indeed, recall that for f £ 
with 1 < p < I one has 

9i?o(l + iO)/ = c(a^*/) 

for some constant c. This follows by writing -Ro(l + i^) as a sum of its real and imaginary parts, as 
well as from the fact that the operation of restriction / 1-^ fi^') is continuous in r > as a map 
LP(M^) L^(5^). However, it is clear that for any 6 > 



(21) 



[l + \x\)^-^ 



[3^* /lib = 00 



even for smooth bump-functions / since the function inside the norm decays like (1 + |a;|)''~2 which 
just fails to be L'^(M^). The following simple lemma shows, on the other hand, that 5 < does lead 
to a finite norm in (1211). 



Lemma 14. For any R> 1 one has 

X[\x\<R][^ * f] 



for all f £ Ls 

Proof. Let be a smooth cut-off function with cp compactly supported. Then by Plancherel, and 
Cauchy-Schwartz, 



X 

<R 



52 



x{R{i-v))f{v)<ys^{d7^) 



52 

i2(52) < R 



Xm-r]'))\dv' / \xm-r]mfiv)\'^s'4dr])dC 



52 



2 

4 ! 
3 



as claimed. 



□ 
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The previous lemma suggests that one should also have the bound 



(22) 



sup 

e>0 



X[|x|<i?]-Ro(l ±^e)/ 



While this bounds remains open^, it is easy to show that 



(23) 



sup 

e>0 



X[|a;|<i?]-Ro(l ±«e)/ 

Indeed, denoting the operator on the left-hand side by T for a fixed e > 0, observe that by Lemma 0] 

T*T = Ro{l-ie)x[\.\^R]Ro{l + ie) 



satisfies ||r*T||4 



>4 ^ 



IX[|z|<_R,]l|2 



< 



3 ____ 

i?2 J which is the same as l\2'd\i . One would of course expect that 



the Knapp example determines the power of R in ()22() . Note that in the case of a Knapp example 
of dimensions 5 x \/^ x y/6 where 6 = R~^, one does not encounter the norm of ||x[|a;|<_R] II2 
in the previous T*T argument, but rather the norm of a x y/R x \/i?-tube, which gives the 
conjectured R. Conversely, in what follows we show how to approach H22|) by a decomposition into 
Knapp examples. This leads to an improvement over the simple bound (|23j) by |. Such arguments 
originate in the analysis of Bochner Riesz multipliers as well as the restriction theory of the Fourier 
transform. We will use a square function bound from Bourgain |Boulj . For the convenience of the 
reader, we reproduce the details. 

The following lemma is a discrete version of the Stein- Tomas theorem, see Lemma 6.2 in |Boulj . 
It can also be proved by expanding the L'^-norm on the left-hand side explicitly and then using the 
usual geometric arguments based on counting overlap. However, the following approach does not 
depend on any special arithmetic properties of the Stein- Tomas exponent and therefore generalizes 
to other dimensions as well. 

Lemma 15. Let R > 1 and let {^,a}a C S"^ be a collection of R~^ -separated points and {aa}a 0, 
sequence of arbitrary numbers. Then 



(24) 



LHQ) 



for any cube Q of side-length R2 . 

Proof. Fix R> 1, some cube Q and a smooth cut-off function XQ adapted to Q. We assume that 
supp(xq) is contained inside a C-R~2-cube with some big constant C. Then 



LHQ) 



< 



[^CLaXgi- 



as claimed. 



< 



< 



R-2R2 



52 



a 



a 



R- 



R^2 



a 



Li 



dr 



□ 



^Note added in proof: This conjecture is solved in a forthcoming paper by lonescu and the second author |IonSch| . 
which also contains other improvements on the results obtained here. 
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In what follows, we associate with every R> 1 a decomposition {Sa }a of the shell Sf> := G 
: ll^l — 1| < R^^} into Knapp caps Si^^ of size about R ^ x R ^ x R ^. We furthermore assume 



bounded overlap, i.e., that 



Lemma 16. Let g £ 

in . Then 



(25) 



sup 

R> 



< oo. 



a 

SO that g C Write g = Ylada where each 'g^ is supported 



15114 



1 

|2\ 2 



Dually, one has for any f £ Li 
(26) 



that 

El/" 



1 

|2\ 2 



^ < i?« 11/114 
3 



where fa = fxSn o-nd each is Fourier supported in . 

— ( R) 

Proof. Firstly, fix i? > 1, a cube Q of size vi?, the cap decomposition {Sa }a, as well as some 
S,a G s!^'' for each a. Secondly, fix some smooth cut-off xo so that Xoi^^v) is adapted to the cube 
Qo := [— Co\/S, co\/S]^ where cq > is small. We require that Xo{V^{C ~ ^a)) = 1 for all ^ G sj^^^ 
and each a. Set ^ 

MO ■■=xo{Vro (jf e'y<dy^ 

and fJ-aiO = Ai(^ — Co) for every a. Note that this is again a smooth cut-off function adapted to a ball 
of size R~2 (together with the natural derivative bounds with constants uniform in R). In particular, 
supo, ll/U^lli = ||/i||i < oo uniformly in R. Then 



\S\\lHQ) 



(27) 

(28) 

(29) 
(30) 



< 



< 



II E / 
// 

JQ JQo 



4 



2Q JQo 



2 



< i?^||(Ei^- 



|2\ 2 



4 



where ha = ga * ka and ka = Ha- Here (|27j) follows from Jensen's inequality as well as the definition 
of fj,a , follows by changing variables (and 2Q is the cube with the same center but twice the size) , 
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whereas H29|) is a consequence of Lemma IT^ Summing H3U|) over a partition {Q} of M'^ consisting of 
congruent cubes one obtains that 



i II - II 

a 
a 

since \\fi\\i < 1. This proves (^5)1 and H26(l follows by duality. Indeed, 



1^1 



|2\ 2 



(31) 
(32) 



sup 

Il{9a}|li4(f2)<l 



< sup 

||gl|4<Ci?i, supp(g)c5fl 



< 



sup J(/,9)l<i?«ll/ll|. 

llg|j4<Cii:H 



In line pifl . the supremum is taken over all (7 as in ()25() . whereas in 1)321) . we drop the condition 
supp(5) C Sr. □ 

The powers of R in 1)24(1 . as well as in (|25p and (|26p are optimal. In the case of (|24() . this can be 
seen by taking all = 1 and similarly for the square function. 
Recall that Agmon's limiting absorption principle states that 



(33) 



sup 11(1 + \x\r-2~Ro{l±ie)f\L < 11(1 + |x|)2+/| 



e>0 



This in particular implies that 



(34) 



sup ||x[|x|<R]-Ro(l ± ie)X[|z|<ffl/ 

e>0 



2- 



The following lemma is an improved version of (|34|1. see the decay in |f |. The proof is self-contained. 
In particular, it does not rely on H33|) . 

Lemma 17. For any w G one ftas 



(35) 



sup 

£>0 



X[\.\<R]Ro{l^ie)X[\.-v\<R]f ^<R{l + \v\/R)-^ II/II2. 



for all R> 1. The constants are uniform in R and v. 

Proof. This is basically a simple consequence of Hormander's variable coefficient Plancherel theorem, 
see |Hor j . and especially Wolff's notes |Wolj . page 55. We start with the case |f | » R. Consider the 
operator 



Tr. 



r ^iR\x-y\ 

vf{x)= j il^ix)- -il^iy -v/R)f{y)dy 

Jr3 \x-y\ 



where ip \s a. smooth bump function at zero. This operator is of the form 

TR,vf{x)= [ e^^*(-'^)a,(x,y)/(y)dy 
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where ^> is smooth on the support of a^(x, y), and rank[(?^j^<I>(x, y)] = 2. Moreover, ay{x, y) is smooth, 
the size of its support is uniformly bounded in v, and ||9'^ai,||oo ^ (1 + Ivl/R)^^- Hence, Hormander's 
variable coefficient Plancherel theorem implies that 



\\TrM 



2-+2 



<R-Hl + \v\/R)-\ 



One now checks that H35|) follows from this by means of a change of variables. 

If |f I < R, one can argue similarly, but needs to introduce a Whitney decomposition away from the 
singularity x = y. Firstly, note that with ip as above, 



\x — y\ i\x-y\<R ^\ 



< 



dx 



<R-' 



2- 



Next, let p G C^(M) be a smooth function so that p{t) = lifl<t<2 and p{t) = 0ift>2ort<i. 
Then we claim that 



(36) 



^iR\x-y\ 

r/5(2"^|x - y\)i'{y)f{y)dy 

\x-y\ 



< 2^ R~^ 



for all i?~2 < 2-' < 1. To this end introduce a further decomposition 1 = ^£i^(2~"'(x — x^)) where 
the sum runs over a lattice of points {xi}(: in that are 2''-spaced, and uj is some smooth cut-off 
which is adapted to the unit cube. Exploiting orthogonality, H36() follows from the following estimate 



u;{2-^{x-xe)) 



JR.\x-y\ 



F - y\ 



p{2~^\x - y\)io{2-\y - Xk)) f{y) dy 



< 2^ 



2- 



This, however, is again reduced the Hormander's bound by means of an obvious rescaling. 



□ 



We are now ready to formulate our estimate which lies between the conjecture 1)22(1 and the simple 
bound (1^ . 



Proposition 18. Let f G 

(37) 



. Then there is the bound 



sup ||x[|x|<R]-Ro(l ± 'i'^)f\\2 ^ R 

£>0 



for all R>1. 

Proof. If supp(/) C G : ||^| - 1| > i}, then one has 

sup \\xi\x\<R]Ro{^ ± ie)f\\^ < ||(-A + 1)-V||2 < 

£>0 

Hence we can assume that supp(/) C G : ||< 

supp(/fc) C G 

for A; > 1 and 

supp(/o) C G 



4 . 

3 



1| < ^} and we write / = ^jr. fk, where 
;| - 1| X 2^i?-i} 

C\-l\<R-'}. 
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Now Ro{l + ie)/o = Ro{^ + ^s) J2a /« with Yla fa ^ ill Lemma [TBI Consider any of the pieces fa- 
Then one can write fa = Ylj faj where each faj hves on a tube of dimensions R x x and 
the tubes corresponding to different j's are disjoint. Moreover, the bound 



/aj ||00 rs^ 



< WfajWpR 



holds for every 1 < p < oo. Therefore, 

ll/alli ^ ll/ajlli ^ ll/gjlloo-^^ 



< Eii/"-^-iil^"'^ Ell/' 



II I 



R- 



(38) 



We will apply this bound not to fa, but to — v)/R)fa for a smooth cut-off tp and arbitrary v. 
This is justified since the Fourier support of ip{{- — v)/R)fa still lies in the cap Sa ■ In combination 
with (jSil), (EHl) yields 



sup||x[|x|<i?]-Ro(l±«e)/a < V swp\\x[\x\<R]Ro{l±ie)x[\x-v\<R]fa 

<R {'^ + \v\/R)-^\m--v)/R)fah 



<R Yl a + \v\/R)-'R-'^ 



(39) 



<ijHE(i+i^'n'(E 



It remains to sum up exploiting orthogonality as provided by Lemma ITOl 

2 
2 



sup 

£>0 



« e>0 II ^ 

< «Eii/-ii'^^' 



The final bound uses H26|) . It is easier to deal with where A; > 1. Fix such a /c and let fk = //3 
be the corresponding decomposition into Knapp caps. Then, by 



Il//3||2< ||//3|U(2'=i?-l)t 



and instead of (|39|) one now has 



sup||x[N<fi]iio(l±^£)/;9 < (2'^i?-^)-i/;3||2 < {2-'R)-2\\ffs\\ 

£>0 2 
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Invoking ()26p finally allows one to conclude that 



sup \\xi\x\<R]Ro{^ ± ie)fk ^ < (2-^i?)t 11/11 4 . 



£>0 



Summing over k finishes the proof. □ 

Acknowledgement: The second author was supported by the NSF grant DMS-0300081 and a 
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